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Abstract. We derive a formula for the modular class of a Lie algebroid with 
a regular twisted Poisson structure in terms of a canonical Lie algebroid rep- 
resentation of the image of the Poisson map. We use this formula to compute 
, the modular classes of Lie algebras with a twisted triangular r-matrix. The 

special case of r-matrices associated to Frobenius Lie algebras is also studied. 

o' 

^ ■ 1. Introduction 

Twisted Poisson structures on manifolds, whose definition we recall in Section 
12.11 first appeared in the mathematical physics literature. They were introduced 
in geometry by Klimcik and Strobl [7J, and were studied by Severa and Wein- 
stein [13] who proved that they can be described as Dirac structures in Courant 
algebroids. Roytenberg then showed in [12] that, more generally, twisted Poisson 
structures on Lie algebroids appear in a natural way in his general theory of 
C\| ' twisting of Lie bialgebroids. 

While the modular vector fields of Poisson manifolds were first defined by 
Koszul in 1985, the theory of the modular classes of Poisson manifolds was de- 
veloped by Weinstein in his 1997 article [15J and that of the modular classes of Lie 
, algebroids, generalizing those of Poisson manifolds, by Evens, Lu and Weinstein 

in 1999 @]. 

In [9], Kosmann-Schwarzbach and Laurent-Gengoux defined the modular class 
of a Lie algebroid A with a twisted Poisson structure (tt, ip). (The untwisted case 
where ifi = corresponds to a triangular Lie bialgebroid, see [8].) The modular 
^ class, which we shall denote by 6(A, ir, ip), is a class in the first cohomology group 

H 1 ^*) of the dual Lie algebroid A*. Furthermore, Kosmann-Schwarzbach and 
Weinstein [10] showed that this class is, up to a factor of ^, the relative modular 
class for the morphism ir^ : A* —* A, 

(1.1) 2 9(A, vr, VO = Mod(A*) - (^)*(Mod A) . 

Here Modyl G H l (A) and Mod(,4*) G H l (A*) denote the modular classes of the 
Lie algebroids A and A* in the sense of Evens, Lu and Weinstein [3], and 7r" is 
the map a G A* i— ► i a 7r G A. As was observed in [9] , if 7r" : A* — > A is invertible, 
the modular class 0(A, ir, ip) vanishes. This can be seen from (jl.ip . since, in this 
case, tv 1 : A* — > A is an isomorphism of Lie algebroids, and the two terms in (jl.ip 
cancel out. 
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Let us call a twisted Poisson structure (tt, ifj) on a Lie algebroid A regular if 7r" 
has constant rank, i.e., if the image B of ir^ is a vector sub-bundle and thus a Lie 
subalgebroid of A. For such structures, our main result, Theorem 12,51 expresses 
9(A,7r,ip) as the image of the characteristic class of the Lie algebroid B with 
representation on the top exterior power of the kernel of 7r" defined by the adjoint 
action. Formula (12.151) in Theorem 12.51 takes into account the cancellations which 
occur in (jl.ip . even when tt is not an isomorphism, and this formula can be used 
to compute modular classes. Section [2] contains the necessary definitions, in 
particular that of the canonical representation of the image of tt^ on its kernel, 
and two lemmas that lead to the proof of Theorem I2.5I in Section I2.51 

In Section [3] we describe the regular twisted Poisson structures on Lie alge- 
broids by means of a linearization of condition (|2.ip . extending and unifying 
two very different results. On the one hand, Severa and Weinstein observed in 
|13j that a twisted Poisson manifold (M, tt, ifj) admits a foliation by subman- 
ifolds equipped with a non-degenerate 2-form u which is '(/'-twisted, i.e., such 
that its differential is equal to the pull-back of —ip under the canonical injec- 
tion, generalizing the symplectic foliation of Poisson manifolds. On the other 
hand, it was shown by Stolin [T5] and by Gerstenhaber and Giaquinto [5] that 
non-degenerate triangular r-matrices on Lie algebras are in one-to-one correspon- 
dence with quasi-Frobenius structures (a property that was used by Hodges and 
Yakimov to describe the geometry of triangular Poisson Lie groups in terms of 
symplectic reduction [6]). In Theorem 13.11 and its corollaries, we extend both 
these results to the case of regular twisted Poisson structures on Lie algebroids. 

In Section H] we deal with the important particular case where the Lie alge- 
broid is a Lie algebra, considered as a Lie algebroid over a point. As a con- 
sequence of Theorem 12.51 in Proposition 14.11 and Corollary 14.21 we obtain two 
simple formulas for the modular class defined by a twisted triangular r-matrix 
on a Lie algebra. The linearization of the twisted classical Yang-Baxter equa- 
tion, obtained in Proposition 14.31 and Corollary 14.41 as a consequence of Theo- 
rem 13. 1| is very useful for explicit constructions, as shown in the examples of 
Section 14.51 The one-to-one correspondence between non-degenerate triangular 
r-matrices and quasi-Frobenius structures is extended to the twisted structures 
in Corollary 14. 51 and we further study the case of triangular r-matrices associated 
to Frobenius Lie algebras, in which case we obtain a simple characterization of 
the modular class (Proposition I4.6|) . In Section H~5l we illustrate the use of our 
formulas with several classes of examples. We explicitly compute the modular 
classes of the Gerstenhaber-Giaquinto generalized Jordanian r-matrix structures 
on s[ n (M) [5], and we construct twisted triangular r-matrix structures with trivial 
and with nontrivial modular classes. 



2. The modular class of a regular twisted Poisson structure 

2.1. Twisted Poisson structures. Recall that a Lie algebroid with a twisted 
Poisson structure is a triple, (A,TT,ip), where A is a Lie algebroid over a base 
manifold M, tt and ip are sections of A 2 A and A 3 ^4*, respectively, such that V 
is enclosed, where oIa - r(A*^4*) — » T(A' +1 A*) is the Lie algebroid cohomology 
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operator of A, satisfying 

(2.1) i[7r^] A = (A 3 7r«)V>. 

See [TTJ for an exposition of the general theory of Lie algebroids, see |13| for the 
twisted Poisson manifolds and [12] [9] for the twisted Poisson structures on Lie 
algebroids. If p: A — > TM is the anchor of A, then the dual vector bundle A* is 
a Lie algebroid with anchor p o and Lie bracket 

(2.2) [a, = C^J - L%a - d A (7r(a, (3)) + ^(Ja, vr«/3, . ) , 

for a and f3 £ F(A*), where C A is the Lie derivation defined by Cj^ = [zx,dA]) 
for each X € T(A). The map 7r" : A* — > A is a morphism of Lie algebroids. 

2.2. A canonical representation in the regular case. Let (n, ip) be a twisted 
Poisson structure on the Lie algebroid A, and assume that it is regular. Let 
B C Abe the image of 7r". The morphism of Lie algebroids ir^ : A* — > A and the 
canonical embedding of Lie algebroids lb' B A define maps of cohomology 
spaces, 

(J)* : H'(A) -» H*(A*) and (t B )* : H'(A) -» H'{B) . 

Since the image of 7r": A* -» A is B, there is an induced map, 

which in turn defines a map of cohomology spaces, 

(J B )*: H'(B) -> H'(A*) 

satisfying 

(2.3) (J)* = (n B )* o t* B . 

Let C C A* be the kernel of the morphism ir*. It follows from the definition 
(12. 2p of the Lie bracket on T(A*) that T(C) is an abelian ideal of T(A*), and 
there is an exact sequence of Lie algebroids over the same base, 

(2.4) 0->C-> ,4* 

Because ir is skew-symmetric, C is the orthogonal of B with respect to the 
fiberwise duality pairing, ( . , . ) between A and A*. Therefore the vector bundles 
A/B and C* are isomorphic, and the vector bundles A* jC and B* are isomorphic. 

The Lie algebra T(A) acts on T(A*) by the coadjoint action (relative to the Lie 
bracket [. , - ]a), and the restriction of this action to T(B) leaves T(C) invariant. 
This is proved using the skew-symmetry and morphism properties of ir^ . However 
this is not a representation of B on C unless the anchor of A vanishes. 

On the other hand, from (|2.4p we see that the adjoint action of T{A*) on 
r(C) (relative to the Lie bracket [. , .] n ^) factors through the submersion tt b : 
A* — > B, and therefore induces an action of T(B), which is in fact a repre- 
sentation of B on C, because p o ir^ vanishes on C . It is an example of the 
representation attached to an abelian extension of Lie algebroids ( [111 Proposi- 
tion 3.3.20]). It follows from formula (|2.2p that this action is defined by 

(2.5) X -7 = ^(7), 
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for all X G r(J3) and 7 G Y(C). Explicitly, for all Y G F(A), 

(2-6) (X ■ 7, Y) = p(X)( 7 , Y) - (7, [X, Y} A ) . 

We shall refer to this representation of the Lie algebroid B on the vector bundle 
C as its canonical representation. 

When restricted to T{B), the adjoint action of T(A) on itself induces an action 
of T(B) on T(A/B), which is defined by 

(2.7) X-clY = cl([X,Y] A ) , 

where X is a section of B, Y a section of A, and cl denotes the class of a section 
of A modulo the sections of B. The right-hand side is well defined because B 
is a Lie subalgebroid of A, and the map (X,clY) 1— > X ■ clY is C°°(M)-linear in 
X. It is therefore clear that (|2.7f) defines a representation of B on A/B. It is an 
example of a Bott representation as defined by Crainic pQ Examples 4] . It is easy 
to prove that, under the identification of C* with A/B, this representation is dual 
to the canonical representation. (We recall the definition of dual representations 
in Section [2.31 below.) 

Remark 2.1. When the anchor of A vanishes, e.g., in the case of Lie algebras, 
the action of T(B) on T(C) which is the restriction of the coadjoint action of 
T(A) on T(A*) defines a representation of B on C, and equation (|2.6p shows that 
it coincides with the canonical representation defined by (|2.5p . 

2.3. Characteristic classes of Lie algebroids. In [4], Evens, Lu and Wein- 
stein defined the characteristic class of a Lie algebroid E with a representation 
on a line bundle L, over the same base manifold M. If L — > M is trivial, the 
characteristic class is the class in H 1 (E) of the section 9 S G F(E*) such that, for 
all x G T(E), 

(2.8) x-s = (9 s ,x)s, 

where s G T(L) is a nowhere-vanishing section. In fact, the section 9 S is a oIe- 
cocycle, and its class, which we shall denote by 6{E,L), is independent of the 
choice of the section s. If L is not trivial, its characteristic class is defined as 
one-half that of its square. 

The modular class of a Lie algebroid E over M is the characteristic class of 
the canonical representation of E on the line bundle A P E® A top (T*M), defined 
by 

(2.9) x ■ (A (8) (i) = £f A 8) /x + A ® £ p(:c )/i , 

for all x G r(i?), where A and \i are nowhere- vanishing sections of f\ top E and 
A top T*M, respectively. We denote the modular class of E by Mod E. 

We recall that representations of a Lie algebroid E on vector bundles V and 
V* are <iuaZ if 

(x ■ s,a) = —{s,x ■ a) + p(x)(s, a) , 

for all x G V[E), s G F(V) and a G r(V*). 

The proof of the following lemma is simple and will be omitted. 
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Lemma 2.2. (i) If /: A\ A 2 is a morphism of Lie algebroids over the same 
base and V is a representation of A2, then 

f*e(A 2i V) = B{A u V f ) , 

where V* is the representation of A\ induced from f . 

(ii) Dual representations have opposite characteristic classes. 

2.4. Relations between Mod(A*), Mod A and Modi?. The following lemmas 
contain formulas that will be used in the proof of our main result, Theorem 12.51 

Lemma 2.3. Let A be a Lie algebroid with a regular twisted Poisson structure 
let B be the image of ir^, and let C be its kernel. Denote by 6b the 
characteristic class of the Lie algebroid B with the representation on the line 
bundle A top (C) induced by the canonical representation (12. 5\\ . Then 

(2.10) Mod(^*) = (7r|j)*(Mod£ + B ) ■ 

Proof. We shall assume that A top C, A top -B, and A top ^* (g> A top T*M are trivial 
bundles over M. If this is not the case, the proof below is easily modified using 
densities. Let s\ be a nowhere-vanishing section of A P C. Let ikB denote the 
rank of B, and let S2 £ T(A rkB A*) be such that si A s 2 and ir$S2 are nowhere- 
vanishing sections of A top y4* and A top -B, respectively. Finally let fi G T(A top T*M) 
be a volume form on M. We denote by £, rj and (" representatives of Mod A*, 
Mod-B and 9(A*, A top C), corresponding to the sections si/\s 2 (g>fi, 7t^s 2 0^l and s\ 
of A top A* ® A top T*M, A top 5 g> A top T*M and A top C, respectively. By definition, 
for all a £ T(A*), 

< £, a > si A s 2 ® H = [a, si A s 2 ] n ^ ® A 1 + si A s 2 (g) C p07T t {a) ^ , 

and 

< (,a > si = [a, si]^,/, . 

Since 

[a, si A s 2 ] 7T ,ip = [a, si] n ^ A s 2 + si A [a, 82]^ , 

we obtain 

< £ - C, a > S2 <8> At = [a, S2]tt,»/> ® A* + s 2 &> ^ p0 ^{ a )^ > 
and applying 7r^ <g> Id to both sides of the preceding equality yields 

< £ - C,« > vr^s 2 ® At = ^[a, ^Itt.V- ® M + 7I "b s 2 <g, £ po7rtl(a) /i . 
From the definition of 77, we obtain 

< 77, > 7r"s2 ® a* = [tt en, 7r tt s 2 ] J 4 <8> A* + irh 2 ® C pon t^ a ^ . 
Formula (|2.10|) follows, using the morphism property of 7r" and Lemma [2.2l fi). □ 
Lemma 2.4. Under the assumptions of Lemma \2.3\. 



(2.11) 



t^(ModA) = UodB-9 B 
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Proof. Using Lemma 12.21 (i) we obtain 

(2.12) L* B (ModA) = d(B,A top A® A top T*M) . 

As in the proof of (|2.10p . one shows that, in terms of the representation of B on 
A top (A/B) induced by the representation defined by (|2.7p . 

(2.13) 9(B, A top A A top T*M) = Mod 5 + 9(B, A top (A/B)) . 

Since the representation (|2.7p is dual to the canonical representation (|2.5p . by 
Lemma 12.21 (ii), 

d(B,A top (A/B)) = -0 B ■ 
Combining this result with (j2TT2l) and (pT3j) implies (j2~TT1) . □ 

2.5. A formula for the modular class. Taking into account (|2.3h . we see that 
(I2TTT1) implies 

(2.14) (J)*(ModA) = (7r^)*(Mod5 - 6 B ) ■ 

Formulas (j2TiO|) and (j!TT4"j) express the fact that Mod(,4*) and (vr tt )*(Modyl) 
differ from (7r^)*(Mod B) by opposite quantities. Our main result states that 
the modular class 0(A, 7r,V>) of (A,ir,ip), which is the class of a 1-cocycle of the 
Lie algebroid A* , is the pull-back of the class of a 1-cocycle of the image of 7r" . 

Theorem 2.5. Let A be a Lie algebroid with a regular twisted Poisson structure 
(ir,tp), and let B = Im7r" and C = Ker^. Then the modular class 6(A, 7r,i/j) of 
(A, ir, ip) satisfies 

(2.15) e(A,v,i>) = (4)* (*b) , 

where 9b is the characteristic class of the Lie algebroid B with the representation 
on the line bundle A top (C) induced by the canonical representation (12. 5p . 

Proof. The formula follows from Lemma 12.31 and (|2. 14[) together with (jl.ip . □ 

In the particular case of a regular Poisson manifold, the fact that the modular 
class is in the image of (tt b )* was proved by Crainic pQ Corollary 9]. 

Formula (|2.15p permits an effective computation of the modular class without 
computing terms which mutually cancel in Mod(^4*) and (7r'')*(Mod ^4). In Sec- 
tion HI we shall illustrate this with various examples in the particular case of Lie 
algebras, considered as Lie algebroids over a point. 

3. NON-DEGENERATE TWISTED POISSON STRUCTURES 

Let (A, 7T, ip) be a Lie algebroid with a regular twisted Poisson structure. As 
above, we denote by B the Lie subalgebroid of A which is the image of the Lie 
algebroid morphism, 7r" : A* — > A. Because n is skew-symmetric, 7r" defines an 
isomorphism from B* to B, where B* = A*/Ker7r" is the dual of B equipped 
with the Lie bracket inherited from that of A* . We shall denote this isomorphism 
by Trig)- Let tt^b) be the corresponding bivector on B. Thus ir( B ) is nothing but 
7r thought of as an element of T(A 2 B) C T(A 2 A). Then (vr (B) ,4V) 

is a non- 
degenerate twisted Poisson structure on B. (Recall that lb '■ B ^ A denotes the 
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inclusion.) We denote the inverse of by u B , and we define the 2-form lob on 
B by 

(3.1) i x (u B ) = -u B (X) , 

for X G T(i?). With these conventions, lo = lob and tt = 7T(^) satisfy 

(3.2) w(^a,vr s /3) =vr(a,/3) , 

for all a and /3 6 T(A*). We call the fiberwise non-degenerate 2-cochain u>£ and 
the non-degenerate bivector tt[b) inverses of one another. 

Set i/j b = *b(V0- Th en G T(A 3 B*) is a 3-cocycle of B for which one easily 
shows that (12. lh implies 

(3.3) d B (LO B ) = -ipB , 

where denotes the Lie algebroid cohomology operator of B. 

Conversely, assume that A is a Lie algebroid, B is a Lie subalgebroid, 
lo € r(A 2 l?*) is a fiberwise non-degenerate 2-cochain of B, and ^ G T(A 3 j4*) 
is a 3-cocycle whose pull-back to B is —cLboj. Let 7r G T(A 2 i?) C T(A 2 ^4) be the 
inverse of lo. One shows by a direct computation that (tt, ip) is a regular twisted 
Poisson structure on the Lie algebroid A, for which B is the image of ttK This 
proves the following result, which yields a linearization of the defining condition 
(|2,ip of twisted Poisson structures for regular Lie algebroids. 

Theorem 3.1. There is a one-to-one correspondence between regular twisted 
Poisson structures on a Lie algebroid A and triples consisting of 

(1) a Lie subalgebroid B of A, 

(2) a fiberwise non- degenerate 2-cochain uj G T(A 2 -B*) ; and 

(3) a 3-cocycle ijj G T(A 3 A*) whose pull-back to B is —ds^J, 

The twisted Poisson bivector ir G T(A 2 i?) and the non- degenerate 2-cochain to of 
B are inverses of one another. 

Corollary 3.2. Assume that A is a Lie algebroid and lo G r(A 2 vl*) is a 2- 
cochain of A whose restriction lo\b to a Lie subalgebroid B of A is fiberwise 
non- degenerate. If tt G r(A 2 £>) denotes the inverse of lo\b, then (tt, — dALo) is a 
regular twisted Poisson structure on the Lie algebroid A. 

Cor pilar v 13 . 2 1 shows how one can construct many regular twisted Poisson struc- 
tures on Lie algebroids. 

4. Lie algebras with twisted triangular t-matrices 

4.1. Twisted triangular r-matrices on Lie algebras. The case of a twisted 
Poisson structure for a Lie algebroid over a point yields the concept of a twisted 
triangular r-matrix for a Lie algebra. Given a Lie algebra g, we say that (r, tp) 
is a twisted triangular r-matrix structure on g, or simply a twisted triangular 
structure, if it = r G A 2 g and tp is a 3-cocycle of g, where this data satisfies ()2. 1 j) . 
which is equivalent to 

[ri2,ri 3 ] + [ri2,r 23 ] + [ri 3 ,r 23 ] = -(A 3 r*)V> , 
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the twisted classical Yang-Baxter equation. Here as above, : g* — > g is the 
linear map defined by r^(a) = i a r. A twisted triangular structure (r, ■*/>) on g 
gives rise to the Lie algebra structure on g* defined by (|2.2p . which, in this case, 
reduces to 

[a, (3} r ^ = ad*, a (^) - ad* tt/3 (a) + V(r tt a, r tt /3, . ), a,f3 £g* . 

The map r" is a homomorphism of Lie algebras. Its image, denoted by p, will 
be called the carrier of the twisted triangular structure (r, ip), in accordance with 
the terminology for triangular r-matrices [5] . The kernel of r" is an abelian ideal 
of g*, and it is stable under the coadjoint action of p. As in the general case of 
Lie algebroids, we denote by rjL the isomorphism from p* to p defined by r. 

For a finite-dimensional representation V of a Lie algebra f, we will denote by 
Xfy 6 f* its infinitesimal character, defined by 

Xf,v{x) = Try (a), i€f . 

The infinitesimal character of the representation V is a 1-cocycle of f whose 
cohomology class is the characteristic class of f with representation on the 1- 
dimensional vector space, A top V. 

4.2. Modular classes of twisted triangular structures. The modular class 
of a twisted triangular structure (r, ip) on a Lie algebra g is the class of a 1-cocycle 
of the Lie algebra g*, which can be computed by means of the formulas in the 
following proposition and its corollary. 

Proposition 4.1. Let 9(g,r,ip) be the modular class of the Lie algebra g with 
the twisted triangular structure (r,ip), with carrier p. Then 

(4-1) %,^) = -[rf p) (X p ,Kerr»)] , 

where Xp,Kerrtt is ^e infinitesimal character of the coadjoint representation of 
p on Kerr", and [x] denotes the class in the Lie algebra cohomology of g* of a 
1-cocycle x € p C 0. 

Proof. We have observed in Remark 12.11 that the canonical representation of p on 
Ker r" , which was defined by (|2.5I) in the general case of regular twisted Poisson 
structures on Lie algebroids, reduces to the coadjoint representation in the case of 
Lie algebras. Therefore Proposition 14 . 1 1 follows from Theorem l2.5l after observing 
that rjL is a skew-symmetric map from p* to p C g. □ 

The Lie algebra p also acts on g/p by the action induced from the adjoint 
action of g. This representation is dual to the coadjoint representation of p on 
Kerr'. Therefore 

Corollary 4.2. Let Xp, g/p be the infinitesimal character of the representation of 
p on g/p induced from the adjoint action. Then 



(4.2) 



8(0,r,il>) = k( p )(Xp, /p)] 



MODULAR CLASSES 



9 



4.3. Non-degenerate twisted triangular structures. Theorem l3.1l and Corol- 
lary E21 when applied to the case of Lie algebroids with base a point, yield the 
following statements. 

Proposition 4.3. There is a one-to-one correspondence between twisted trian- 
gular r -matrix structures on a Lie algebra g and triples consisting of 

(1) a Lie subalgebra p of Q, 

(2) a non- degenerate 2-cochain fj, G r(A 2 p*) ; and 

(3) a 3-cocycle if) G r(A 3 g*) whose restriction to p is —d p n, where d p denotes 
the Lie algebra cohomology operator of p. 

The twisted r-matrix r E A 2 p and the non- degenerate 2-cochain n of p are in- 
verses of one another. 

Corollary 4.4. Assume that q is a Lie algebra and /x G r(A 2 g*) is a 2-cochain 
of g whose restriction fi\ p to a Lie subalgebra p of q is non- degenerate. If r E 
r(A 2 p) denotes the inverse of n\ p , then (r, — d g /i) is a twisted triangular r-matrix 
structure on the Lie algebra g. 

Proposition 14.31 shows how the twisted classical Yang-Baxter equation can be 
linearized, and Corollary 14.41 shows how one can construct many twisted trian- 
gular r-matrices. In particular, it explains the origin of Example 14.91 below, as 
well as the construction of Example 5 in [9] , see Example 14.81 

When [i is a non-degenerate 2-cocycle of a Lie algebra p with values in the 
trivial representation, the pair (p,/x) is said to be a quasi- Frobenius Lie algebra, 
see [HI [HE]. Let us say that (p,/x, ip) is a twisted quasi- Frobenius Lie algebra if 
[i is a non-degenerate 2-cochain of the Lie algebra p and if) a 3-cocycle of p such 
that dpfj, = —if). We obtain, as a particular case of Proposition 14.31 the following 
correspondence. 

Corollary 4.5. There is a one-to-one correspondence between non- degenerate 
twisted triangular structures and twisted quasi- Frobenius structures on Lie alge- 
bras. In this correspondence the non- degenerate twisted triangular r-matrix and 
the non- degenerate 2-cochain are inverses of one another. 

The well-known one-to-one correspondence between non-degenerate triangular 
r-matrices and quasi- Frobenius structures on Lie algebras [HI [5] appears as the 
particular case where if) = 0. 

4.4. Frobenius Lie algebras. A quasi-Frobenius Lie algebra structure on p 
is defined by a non-degenerate 2-cocycle, [i. The special case of Frobenius Lie 
algebras corresponds to the case where [i is the coboundary in the Lie algebra 
cohomology of p of some — £ G p*. In other words (p,£)> with £ G p*, is a 
Frobenius Lie algebra if the skew-symmetric bilinear form /U, defined by 



for X, Y G p, is non-degenerate. The bilinear form defined by fl4.3f) is non- 
degenerate if and only if the linear map 



(4.3) 



f i(X,Y)=a[X,Y}) 



(4.4) 



l£pH ad^^) G p* 
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is an isomorphism from p to p*. This implies that (p, £) is a Frobenius Lie algebra 
if and only if the coadjoint orbit of £, under the action of the adjoint group of p, 
is dense in p* (see [6]). 

We now consider the case where (r, tp) is a twisted triangular structure on a 
Lie algebra g derived from a Frobenius structure on the carrier subalgebra p. 
The map r" : g* — > g defines a linear isomorphism rjL : p* — > p. Let n G A 2 p* be 

the 2-cochain on p inverse of rVp) G A 2 p, and assume that // is the coboundary 
of a 1-cochain — £ G p*, = — (f p £. In the following proposition we show how to 
compute the modular class of a Lie algebra g with such a triangular r-matrix. 
The notation is that of Proposition 14.11 and Corollary I4.2L 

Proposition 4.6. Let r be a triangular r -matrix on a Lie algebra g derived from 
a Frobenius structure £ on the carrier subalgebra p of r. Then the modular class 
of(g,r,0) is the class in the Lie algebra cohomology of g* of the unique 1-cocycle 
X G p such that 

(4-5) adMO = Xp, s / P • 

Proof. For any a G p*, the element Z = rjL(a) G p satisfies £([Z, Y]) = —a(Y), 
for all Y G p, and therefore 

ad|(£) = a . 

Thus X = rj^ (x P , /p) satisfies 

adx(0 = Xp, g /p • 

The uniqueness of X satisfying (|4.5p follows from the fact that (|4.4p is a linear 
isomorphism. By Corollary 14. 21 the class of X is the modular class of (g, r, 0). □ 

Remark 4.7. There are no twisted analogues of the Frobenius Lie algebras 
because when [x is a coboundary, the coboundary of \i vanishes. When we apply 
Theorem 13.11 successively to tangent bundles and to Lie algebras we see that 

• twisted quasi-Frobenius structures on Lie algebras correspond to twisted sym- 
plectic structures on manifolds (non-degenerate 2-forms), 

• quasi-Frobenius structures on Lie algebras correspond to symplectic structures 
on manifolds (non-degenerate closed 2-forms), 

• Frobenius structures on Lie algebras correspond to exact symplectic structures 
on manifolds (non-degenerate exact 2-forms). 

4.5. Examples. Denote by eij, 1 < i,j < n, the standard elementary matrices 
constituting a basis of g[ n (]R), and by e*j, 1 < i,j < n, the dual basis. First we 
re-examine P2 Example 5]. The published version of this article contained an 
error which we now correct. 

Example 4.8. Denote by g the Lie subalgebra of g^M) spanned by {e^ \ 1 < 
i < 2, 1 < j < 3}. It is a codimension-one subalgebra of a maximal parabolic 
subalgebra of gt 3 (R), and it is isomorphic to the Lie algebra of the Lie group of 
affine transformations of ]R 2 . The pair (r, tp), where 



r = en A e 2 2 + ei3 A e 2 3 and ip = —(e*% + e^) A e\ 3 A , 
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defines a twisted triangular r-matrix structure on g, as shown in [91 Example 5]. 
The carrier of r is the subalgebra p = Spanjen, e22, ei3, 623}. Then dim(g/p) = 2, 
and one can easily show that xp, g/p = 0- Therefore 9(g,r,tp) = 0. 

We observe that the twisted r-matrix discussed in this example can be easily 
constructed using Proposition 14.31 Define the 2-cochain on g, 

M = e n A e 22 + e 13 A e 23 , 

and compute the coboundary of — fj,, 

4>l = -d s n = -(e^ + e* 22 ) A e* 3 A e 23 - e\ 2 A e* 2l A e 22 + A e* 21 A e* 2 . 

Then the restriction of fi to p is non-degenerate, and r is the inverse of 
Corollary 14.41 implies that (r, ^1) is a twisted triangular r-matrix structure on g. 
That the same is true for the pair (r, tp) above follows from the fact that ip — ip\ 
is a 3-cocycle for g, together with the equality (A 3 r")(^ — ^1) = 0. 

Next we provide an example of a twisted triangular r-matrix with a nontrivial 
modular class. 

Example 4.9. Let q n _i be the Lie subalgebra of gl n (R) spanned by {eij | 1 < 
i < n — 1, 1 < j < n}. It is a codimension-one subalgebra of a maximal parabolic 
subalgebra of gl n (K) obtained by omitting the (n — l)-st negative root of gl n (M). 
Define the 2-cochain on gl n 



n-1 

l<i<j<n— 1 i=l 

The <i 0[n ( R )-coboundary of — fi is the following 3-cocycle on g( n (!R): 

n n— 1 

ip= ^2 sign(i-j)e* k Ael j Ae* ji + ^ e* k Ae* ki Ae* n - ^ e^Ae^Ae^ , 

i,j,fc=l l<i,k<n—l,i^k i,k=l 

where, for an integer n, signn = 1 if n > 0, signn = —1 if n < and signO = 0. 
The restriction of [i to q n _i is non-degenerate, and we consider its inverse, 

n-1 



e i:j A eji + e U A e in 6 A 2 q n -i C A 2 (gl n (M)) . 



l<i<J<n— 1 i=l 



Corollary 14.41 implies that (r, ^) is a twisted triangular r-matrix structure on 
g( n (M). The carrier of r is c\ n -i- It is easy to compute 



n-1 



Xq„-l,0[ n (M)/q„-l ^ 



1 = 1 



Since r^e*j = ej n , we obtain, from Corollary 14.2 



0(gl n (M),r,V) 



'n-1 

Cin 

i=l 



12 



YVETTE KOSMANN-SCHWARZBACH AND MILEN YAKIMOV 



Example 4.10. Let pi be the maximal parabolic subalgebra of 5l n (K) containing 
all the upper triangular matrices, obtained by omitting the first negative root. 
Then (pi,£) is a Frobenius Lie algebra with 

71-1 

i=l 

The corresponding triangular r-matrix on sl n (R) is the Gerstenhaber-Giaquinto 
generalized Jordanian r-matrix, 

n— 1 

r GG =^* A e k,k+l + e 

«J — m+1 A dj,i+m i 

k=l i<j m=l 

where 

Ofc = (en + e22 + • • • + e/cfcj (efc+i,fe+i + efc+2,fc+2 + • • • + e nn ) ■ 

n n 

See [5], where Gerstenhaber and Giaquinto proved that this skew-symmetric 
solution of the classical Yang-Baxter equation is a boundary point of a subset of 
the set of solutions of the modified Yang-Baxter equation containing the semi- 
classical limit of the generalization of the quantum i?-matrices introduced by 
Cremmer and Gervais in [2j, and called it the Cremmer-Gervais r-matrix. It is 
easy to see that 

X Pl ,0[„(K)/Pi = ~( n - 1 ) e H + e 22 + e 33 + • • • + e *nn • 

The unique I £ pi that satisfies ad* x (C) = Xpi,sln(M.)/pi is the matrix X = 
— X^=i( n — k)ek,k+i- Therefore, by Proposition 14.61 the modular class of si 
with the Gerstenhaber— Giaquinto generalized Jordanian r-matrix is 

Tn-l 



9(sl n (R),r GG ,0) 



^(n - fc)e fc)fc+ i 



.fc=i 



This result constitutes a generalization to all re's of [9, Example 4.2] which is the 
case of n = 2. 
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